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Suspensions of hard core spherical particles of diameter D with inter-core connectivity range δ can
be described in terms of random geometric graphs, where nodes represent the sphere centers and
edges are assigned to any two particles separated by a distance smaller than δ. By exploiting the
property that closed loops of connected spheres becomes increasingly rare as the connectivity range
diminishes, we study continuum percolation of hard spheres by treating the network of connected
particles as having a treelike structure for small δ/D. We derive an analytic expression of the
percolation threshold which becomes increasingly accurate as δ/D diminishes, and whose validity
can be extended to a broader range of connectivity distances by a simple rescaling.
I. INTRODUCTION
In random multi-phase heterogeneous systems, in
which objects or particles may be connected according to
some connectedness criterion, the percolation threshold
marks the occurrence of a macroscopic, system-spanning
cluster or component of connected objects.1,2 In most
systems of practical interest, percolation is established
among particles that occupy random positions in space
and that are not constrained by an underlying regular
lattice. In such continuum percolating systems, the criti-
cal threshold depends on the shape, orientation, and size
distributions of the percolating objects as well as on the
connectedness criterion.
While the influence of these factors on the critical
threshold is mostly studied by means of numerical simula-
tions of finite systems, and analytical approximate results
exist for many models of heterogeneous systems,2 exact
analytical expressions for the percolation threshold have
been found only for a few continuum percolation systems
in some asymptotic limit. Notable examples are disper-
sions of isotropically oriented penetrable rods (or cylin-
ders, spherocylinders) with asymptotically large aspect
ratios,3 and penetrable hyperspheres and oriented hyper-
cubes in the infinite dimensional limit.4,5 Exact results
on the percolation threshold of these families of models
have been found also for generalized case of particle size
polydispersity6–8 and, for the case of rod dispersion, for
hard-core impenetrability.6
The property that crucially makes these classes of mod-
els exactly tractable is the statistical irrelevance of the
contribution of closed loops of connected particles to the
incipient percolating cluster. This property allows the
connectivity network to have a dendritic, treelike struc-
ture, which allows for a closed form solution for the per-
colation threshold.
In this article it is shown that the percolating network
of hard spherical particles displays a similar property.
Namely, the probability of finding closed loops becomes
smaller as the connectivity distance between the hard
spheres is reduced. This observation enables us to de-
rive a theory of percolation of hard spherical particles
in which the connectivity network is treated as having a
treelike structure, while at the same time the many-body
correlations of the hard-sphere fluid are fully preserved.
The resulting percolation transition agrees well with ex-
isting numerical results in the limit of short connectivity
distance, and an analytic expression of the critical thresh-
old is derived which has a much broader range of validity.
II. CLUSTERING COEFFICIENT FOR HARD
SPHERES
We start by considering a random dispersion of N
hard-sphere particles of diameter D which occupy a three
dimensional region of volume V . The fractional volume
occupied by the spheres is φ = piD3ρ/6, where ρ = N/V
is the number density. A pair of spheres centered at ri
and rj are considered as connected to each other if the
distance between their center, rij = |ri − rj |, is smaller
than ∆ = D+ δ, where δ ≥ 0 is a given distance between
the closest surfaces of the spheres. This connectivity cri-
terion can be equivalently formulated by associating to
each impenetrable sphere a concentric penetrable shell
of thickness δ/2. In the resulting system of composite
particles, often referred to as the cherry-pit model,2,9 a
pair of semi-penetrable spheres are therefore connected
if their penetrable shells overlap.
Next, we construct a random geometric graph, or net-
work, whose nodes (or vertices) are associated to the cen-
ters of the spheres, and edges (or links) between pairs of
nodes are assigned according to the aforementioned con-
nectivity criterion. The probability that two nodes are
directly linked by an edge is therefore given by
p =
1
N(N − 1)
〈 ′∑
i,j
θ(∆− rij)
〉
, (1)
where 〈· · · 〉 denotes the ensemble average over the config-
urations of the N hard-sphere system, θ(x) = 1 for x ≥ 0
and θ(x) = 0 for x < 0 is the Heaviside step function,
and the prime symbol over the summation indicates that
the terms with equal indexes must be omitted.
For a given volume fraction of the spheres, the struc-
ture of the network so constructed depends crucially on
the connectivity range ∆ as compared to the hard-core
diameter D. To see this, let us consider the illustration
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FIG. 1. Two-dimensional schematic representation of hard
spheres with penetrable shells and the corresponding network.
In (a) and (c), the spherical hard cores are represented by dark
circles and the penetrable shells by light annuli surrounding
the circles. In (b) and (d) the points represent the sphere cen-
ters and the edges connecting two points (nodes) are assigned
when the corresponding spheres have overlapping shells. In
(a) the shell thickness is such that the corresponding network
in (b) has the nodes labeled by 1, 2, and 3 connected in a
closed loop. In (c) the shell thickness is sufficiently small that
the corresponding network in (d) has no closed loops.
of Fig. 1(a), where a set of six hard spheres with their
concentric penetrable shells forms the graph shown in
Fig. 1(b). The edges between nodes 1, 2, and 3 form a
closed loop (a triangle in this case). The same config-
uration of the sphere centers with a smaller penetrable
shell, Fig 1(c), gives rise to the graph of Fig. 1(d), in
which the edge between nodes 1 and 3 is now missing,
and the set of node 1, 2, and 3 no longer form a triangle.
Overall, the 6-node graph has now a treelike structure,
where closed loops of connected nodes are absent. The
example of Fig. 1 illustrates the rather intuitive effect
that the connectivity range has on the general structure
of the network. Namely, the probability of finding closed
loops of connected hard spheres decreases as the connec-
tivity range diminishes.
This effect can be analyzed on more quantitative terms
by considering the clustering coefficient C3 (also denoted
as the 3-node cycle), which is defined as the conditional
probability that two nodes are connected given that they
are both connected to a third node:10,11
C3 =
〈∑′
i,j,k θ(∆− rij)θ(∆− rik)θ(∆− rjk)
〉
〈∑′
i,j,k θ(∆− rij)θ(∆− rik)
〉 . (2)
By introducing the three-particle (or triplet) distribution
function,12
ρ3g(3)(r1, r2, r3) =
〈 ′∑
i,j,k
δ(r1 − ri)δ(r2 − rj)δ(r3 − rk)
〉
,
(3)
and by assuming that the system is isotropic and transla-
tionally invariant, the cluster coefficient can equivalently
be written as
C3 =
∫
dr
∫
dr′g(3)(r, r′, |r− r′|)
× θ(∆− r)θ(∆− r
′)θ(∆− |r− r′|))∫
dr
∫
dr′g(3)(r, r′, |r− r′|)θ(∆− r)θ(∆− r′) .
(4)
In the limit of vanishing hard-core size (D/∆ = 0)
the system reduces to that of penetrable spheres of di-
ameter ∆ = δ, where the positions of the sphere cen-
ters (or nodes) are completely uncorrelated. In this case,
g(3) = 1 and by Fourier transforming the Heaviside step
functions in (4) we find C3 = 15/32 = 0.46875.
11 This
means that a sizable fraction of triangles are present in
the network, and that this fraction is independent of ρ.
The same exercise can be done for closed loops of n > 3
connected (penetrable) spheres. The corresponding n-
node cycles Cn, with n = 4, 5, . . ., are also independent
of the node density and have sizable values. For example,
C4 = 34/105 ' 0.3238, C5 = 40949/172032 ' 0.2380,
C6 = 92377/500500 ' 0.1846.
Let us now consider the limit δ/D  1 (or equivalently
∆/D ' 1). We expand the Heaviside step functions in
(4) in powers of δ using θ(D+δ−r) = θ(D−r)+δd(D−
r)δ +O(δ2), where δd is the Dirac-delta function. Since
g(3)(r, r′, |r− r′|) = 0 when r, r′, |r− r′| < D, we find at
the lowest order in δ/D:
C3 =
δ
D
g(3)(D,D,D)∫ pi
pi/3
dθ sin θg(3)(D,D,D
√
2− 2 cos θ)
, (5)
where θ is the angle between the directions of r and r′. In
the denominator of Eq. (5), g(3) is the triplet distribution
function for spheres in the rolling contact configuration,
in which two particles are allowed to glide in direct con-
tact over the surface of the third sphere.
For suspensions of hard spheres at equilibrium, the
value of the three-particle distribution function at con-
tact, g(3)(D,D,D), increases for larger concentrations of
spheres. It remains however finite as long as the volume
fraction is smaller than the liquid-solid state transition
point at φ∗ ' 0.494. For φ < φ∗ therefore the clustering
coefficient becomes vanishingly small as δ/D → 0. To
see in details the effect of φ on C3, we adopt the At-
tard’s expression for the triplet distribution function of
hard-spheres in the rolling contact configuration:13
g(3)(D,D,D
√
2− 2 cos θ) ' g(2)(D)2 g
(2)(s(θ)) + 1
2
,
(6)
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FIG. 2. Clustering coefficient C3 as a function of the shell
thickness for three different values of the volume fraction φ.
Symbols are Monte Carlo calculations of Eq. (2), while the
solid lines are obtained from Eq. (7).
where g(2) is the pair distribution function and s(θ) =
D(1 + θ − pi/3). By substituting Eq. (6) in Eq. (5), and
by denoting I =
∫ pi
pi/3
dθ sin θ[g(2)(s(θ)) + 1]/2, we obtain:
C3 ' δ
D
g(2)(D) + 1
2I
' 5
16
δ
D
[
1− φ/2
(1− φ)3 + 1
]
, (7)
where in the last expression we have used the Carnahan-
Starling approximation for g(2)(D) and we have set I '
8/5 (see Appendix A). Despite its simplicity, Eq. (7) re-
produces well the numerical results of the clustering co-
efficient in the δ/D  1 regime. This is shown in Fig. 2,
where Eq.(7) (solid lines) is compared to the results of
Monte Carlo calculations of Eq. (2) (open symbols). In
performing the configurational averages, we have used
the Metropolis algorithm to generate 300 equilibrated
configurations of N = 2000 hard-spheres for each value
of φ.
Following the same steps that lead to Eq. (5), it is
easy to show that for loops formed by n particles, the
corresponding n-cycle coefficient scales as Cn ∝ δ/D for
δ/D  1, indicating that closed loops of any n become
negligible in this limit.
III. TREE-ANSATZ PERCOLATION
The result of the Sec.II implies that for sufficiently thin
penetrable shells the network formed by connected hard
spheres has essentially a treelike structure. This property
can be exploited to calculate the percolation threshold
of equilibrium distributions of hard spheres under the
assumption that δ/D  1.
We start by defining the degree distribution of a node
(or sphere) as the probability P (k) that a randomly se-
lected node is connected to exactly k other nodes of the
network. Let us assign the location of the randomly se-
lected node at r1. Since a node located at, say, rj is
connected (not connected) to the selected node if the
distance r1j = |r1 − rj | is smaller (larger) than ∆, the
degree distribution P (k) takes the following form:14
P (k) =
(
N − 1
k
)〈k+1∏
i=2
θ(∆− r1i)
N∏
j=k+2
θ(r1j −∆)
〉
,
(8)
where the configurational average makes P (k) indepen-
dent of the node labels and the binomial factor gives the
number of ways that k unordered nodes are chosen from
a total of N − 1 nodes.
Knowledge of P (k) allows us to calculate the mean
size S of a cluster (or component) to which a randomly
selected node belongs. For infinite systems, and if there
is no giant component in the graph, the divergence of S
marks the percolation transition, that is, the transition at
which a giant cluster of connected nodes first appears.15
Under the assumption that the network is treelike, the
component to which the selected node belongs is formed
by branches attached to the node according to the degree
distribution P (k). Hence:
S = 1 +
∑
k
P (k)kT = 1 + 〈k〉T, (9)
where 〈k〉 = ∑k kP (k) and T is the mean size of one of
the k branches attached to the selected node. Owing to
the treelike structure of the network, T is given by the
mass (unity) of one neighbor of the selected node plus
the mean size of each of the remaining k−1 subbranches
attached to the neighbor node:
T = 1 +
∑
k
Q(k)(k − 1)T, (10)
where Q(k) is the degree distribution of a node that is
a neighbor of the selected node. To find Q(k) we note
that if we select at random an edge directly connecting
two nodes, and we follow the edge from one node to its
neighbor, the node that we arrive at by following that
edge will be k times more likely to have degree k than de-
gree 1. Its degree distribution will thus be proportional
to kP (k), which implies that, after suitable normaliza-
tion, Q(k) = kP (k)/〈k〉. Substituting this expression in
Eq. (10), and defining 〈k2〉 = ∑k k2P (k), we arrive at
the condition for the divergence of S:15,16
〈k2〉
〈k〉 = 2. (11)
From the degree distribution of Eq. (8), we express 〈k〉
and 〈k2〉 in terms of configurational averages of the hard-
sphere system as shown in Appendix B. In this way, the
condition (11) reduces to:〈∑′
i,j,k θ(∆− rij)θ(∆− rik)
〉
〈∑′
i,j θ(∆− rij)
〉 = 1, (12)
4which identifies the percolation threshold in terms of the
critical density ρc for a given ∆ or, equivalently, the crit-
ical distance ∆c = δc + D for a given ρ. We adopt the
latter definition to calculate numerically δc/D as a func-
tion of the volume fraction φ. The configuration averages
in Eq. (12) are performed as described in Sec. II by choos-
ing for a given φ an initial value δinit within the interval
∆δ = δmax − δmin, where δmin = 0 and δmax is large
enough so that the left-hand side of Eq. (12) is surely
larger than 1. The critical distance δc is then found by
bisecting the interval ∆δ until the condition (12) is sat-
isfied. The resulting values of δc/D are plotted in Fig. 3
by filled circles and are compared with previously pub-
lished Monte Carlo calculations of the percolation thresh-
old reported by open symbols.17–19 Figure 3 confirms our
conjecture that the tree-ansatz approach is increasingly
accurate as δc/D decreases. Note, however, that as the
system approaches the liquid-solid phase transition, there
is a residual discrepancy between the tree-ansatz perco-
lation and the exact numerical results. This is due to the
small but non-zero clustering coefficient at percolation,
shown in the inset of Fig. 3, whose value is about 0.04
for the density closest to the liquid-solid transition.
To find an analytic expression of δc/D within the tree-
ansatz approximation, we express Eq. (12) in terms of
the three- and two-particle distribution functions. At
the lowest order in δc/D, the left-hand side of Eq. (12)
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FIG. 3. Critical distance δc as a function of the volume frac-
tion φ of the hard spheres. Filled circles are the tree-ansatz re-
sults obtained from the numerical calculation of Eq. (11). The
analytical formula (14) is plotted by the solid line. The dashed
line is Eq. (14) plotted with a different prefactor (see text).
Monte Carlo results for δc are shown by open diamonds,
17
open squares,18 and open circles.19 Note that the Monte Carlo
results for φ > 0.49 are in the metastable region. Inset: solid
circles are the numerical results of the clustering coefficient
calculated at the tree-ansatz percolation threshold. The solid
line is C3 = [1 + (1 − φ)3/(1 − φ/2)]/54φ, which is obtained
from Eqs. (7) and (14).
reduces to:
ρ
∫
dr
∫
dr′g(3)(r, r′, |r− r′|)θ(∆c − r)θ(∆c − r′)∫
drg(2)(r)θ(∆c − r)
'
2piρδcD
2
∫ pi
pi/3
dθ sin θ g(3)(D,D,D
√
2− 2 cos θ)
g(2)(D)
.
(13)
We express g(3) as in Eq. (6) and approximate the re-
maining integration over θ by I ' 8/5, as done in Sec. II.
We next equate the result to 1 to find the following ex-
pression for the critical distance:
δc
D
' 1
12Iφg(2)(D)
' 5
96
(1− φ)3
φ(1− φ/2) , (14)
where we have again used the Carnhan-Starling approx-
imation for g(2)(D). Equation (14) (solid line in Fig. 3)
converges asymptotically to the numerical solution of
Eq. (12) as φ increases towards the liquid-solid transition
point, and it provides therefore an approximate analyt-
ical expression for the critical distance in that density
region. By replacing in Eq. (14) the numerical prefactor
5/96 ' 0.052 by 1.65/24 ' 0.06875, we recover the ex-
pression that was used in Refs. 19 and 20 to approximate
the critical distance for a much wider region of the hard
sphere volume fraction (dashed line in Fig. 3). Equation
(14) provides therefore a new interpretation of the ap-
proximation scheme adopted in Refs. 19 and 20, which
derived from the observation that δc is approximately
proportional to the mean separation between nearest-
neighbors hard spheres for φ & 0.1.
IV. CONCLUSIONS
Following the observation that the probability of find-
ing closed loops in the network of connected hard spheres
becomes smaller as the connectivity distance decreases,
we have calculated the percolation threshold in the limit
in which the percolating cluster has a tree-like structure.
Our results agree well with Monte Carlo calculations of
the critical threshold when the connectivity distance is
sufficiently smaller than the hard core diameter. The
tree-ansatz formalism presented here differs from other
approximation schemes in that it takes into full account,
in the pair and triplet distribution functions, the struc-
tural correlations of the percolating particles. We con-
clude by pointing out that the tree-ansatz approach could
be extended to describe percolation also in systems of
anisotropic particles like, e.g., rod and platelet particles.
Suitable expressions for the pair and triplet distribution
functions of anisotropic particles are however required to
obtain explicit formulas for the percolation threshold.
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FIG. 4. The function I, Eq. (A1), obtained by numerical
integration using two different approximations for the pair
distribution function.
Appendix A: Calculation of I
Using the approximation given in Eq. (6) for the three-
particle distribution function in the rolling contact con-
figuration, the clustering coefficient and the percolation
threshold within the tree-ansatz depend on the following
integral:
I =
∫ pi
pi/3
dθ sin θ
1 + g(2)(s(θ))
2
, (A1)
where g(2) is the pair distribution function and s(θ) =
D(1+θ−pi/3). Figure 4 shows numerical calculations of I
with g(2) given by the Percus-Yevick approximation12,21
(solid line) and by the empirical formula of Ref. 22
(dashed line). The integral I depends very weakly on
the volume fraction φ, and it ranges from I = 3/2 at
φ = 0 to I ' 1.6 at φ = 0.49. For values of φ close to the
liquid-solid phase transition, we adopt I = 1.6 = 8/5.
Appendix B: Evaluation of 〈k〉 and 〈k2〉
We follow Ref. 15 to calculate the first and second mo-
ments of the degree distribution P (k) given in Eq. (8).
To this end, we first introduce the generating function of
P (k) defined as:
G(x) =
∑
k
P (k)xk, (B1)
from which 〈k〉 and 〈k2〉 are given by
〈k〉 =
∑
k
kP (k) =
[
dG(x)
dx
]
x=1
, (B2)
〈k2〉 =
∑
k
k2P (k) =
[
dG(x)
dx
]
x=1
+
[
d2G(x)
dx2
]
x=1
.
(B3)
Using Eqs. (8) and (B1), the generating function can be
expressed as:
G(x) =
〈
N−1∏
j=2
[xθ(∆− r1j) + θ(r1j −∆)]
〉
=
1
N
〈∑
i
∏
j 6=i
[xθ(∆− rij) + θ(rij −∆)]
〉
. (B4)
Applying Eqs. (B2) and (B3) to Eq. (B4) leads to:
〈k〉 = 1
N
〈 ′∑
i,j
θ(∆− rij)
〉
, (B5)
〈k2〉 = 〈k〉+ 1
N
〈 ′∑
i,j,k
θ(∆− rij)θ(∆− rik)
〉
, (B6)
which when substituted in Eq. (11) give Eq. (12).
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